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The two-photon-exchange effect (TPE) plays a key role to extract the form factors (FFs) of the
proton. In this work, we present some exact properties on the TPE effect in the elastic ep scattering
based on four types of typical and general interactions. The possible kinematical singularities,
the asymptotic behaviors and the branch cuts of the TPE amplitudes are analyzed. The analytic
expressions clearly indicate some exact relations between the dispersion relation (DR) method and
the hadronic model (HM) method. It suggests that the two methods should be modified to general
forms, respectively. After the modifications the new forms give the same results when the monopole
like FFs are taken as inputs. Furthermore, they automatically and correctly include the contributions
due to the seagull interaction, the meson-exchange effect, the contact interactions and the off-shell
effect. To analyze the elastic e±p scattering data sets, the new forms should be used.
The proton is the unique stable hadron and one of
the elemental constituents of our world. The knowledge
on its properties is an important base to understand the
world. In the last twenty years our knowledge on its
structure is improved greatly but some puzzles still ex-
ist. The electromagnetic form factors (EM FFs) of the
proton are two of the most elemental and well-defined
non-perturbative quantities reflecting its structures. To
extract the EM FFs of the proton, the precise experi-
mental data sets of the elastic e±p or µp scattering [1]
are necessary. To analyze and understand these precise
experimental data sets the two-photon-exchange (TPE)
effect is the key. From 2003 to now, many theoretical dy-
namical methods are suggested and applied to estimated
the TPE contribution such as the hadronic model (HM)
method [2], the GPDs method [3], the dispersion relation
(DR) method [4–7], the perturbative QCD [8], the soft
collinear effective theory [9] and the chiral perturbative
theory [10]. But it is still far away from the accurate
estimation of the TPE contribution.
To analyze the experimental data sets below a few
GeV2, the HM method and the DR method are usually
used. In the HM method, the interactions between the
photon and the intermediate states (such as nucleon and
∆(1232)) are constructed to estimate the TPE ampli-
tude manifestly. In the DR method only the interactions
between the photon and the on-shell intermediate states
(such as nucleon, ∆(1232) and πN continue state) are
used to estimate the imaginary part of the TPE ampli-
tude in the physical region. After analytically continuing
the imaginary part of the TPE amplitude to the unphysi-
cal region and combining it with the asymptotic behavior
of the TPE amplitude, the real part of the TPE ampli-
tude can be got. This means that the DR method only
uses the on-shell FFs. It is often argued that this is a
big goodness of the DR method comparing with the HM
method since the latter may include the off-shell informa-
tion. Another goodness of the DR method is the good
behavior of the TPE contribution in the forward angle
limit. The HM method results in un-physical behavior
in the forward angle limit when the excited intermediate
states (such as ∆(1232)) are considered. Due to these
advantages, recently the DR method is widely accepted
and applied to analyze the experimental data sets [5–7].
But this does not mean that the DR method is a perfect
and uniquely reliable method. For example, two different
DRs are used in Ref. [4, 5] and Ref. [6], and the contri-
butions from the meson-exchange effect [11–15] are not
included.
In this work, based on four typical and general inter-
actions we carefully analyze the analytic structures of
the TPE amplitudes. The results clearly show some im-
portant properties on the TPE contributions by the DR
method and the HM method: (1) the DR method and the
HM method used in the references should be modified to
general forms to correctly include the contributions from
the seagull interaction, the meson-exchange effect, the
contact interactions and the off-shell effect; (2) the two
methods after the modification give the exact same re-
sults when the monopole like FFs are taken as inputs; (3)
when no FFs are used in the magnetic interaction, the co-
efficients of the TPE amplitude include two kinematical
singularities and the usual DRs are broken.
In the limit me → 0, the amplitude of the elastic ep
scattering with C,P, T invariance can be written as
M(ep→ ep) =
3∑
i=1
FiMi, (1)
with
M1
def
= MN [u3γµu1][u4γ
µu2],
M2
def
= [u3(p/2+p/4)u1][u4u2],
M3
def
= MN [u3γ5γµu1][u4γ5γ
µu2], (2)
where we shortly write u(pi,mi, hi) and u(pi,mi, hi) as ui
and ui, p1,2 are the momenta of the initial electron and
proton, p3,4 are the momenta of the final electron and
proton, hi are the helicities of the corresponding spinors,
m1,3 = me, m2,4 =MN with MN the mass of proton.
2One can calculate the coefficients Fi by solving the
following algebraic equations.
∑
helicity
MM
∗
j =
3∑
i=1
∑
helicity
FiMiM
∗
j . (3)
Then the coefficients Fi can be expressed as follows.
Fi =
∑
j
(D−1)ij
∑
helicity
MM
∗
j , (4)
with Dij
def
=
∑
MiM
∗
j . In four dimension the matrix
D−1 has two kinematic singularities at
ν = ±
√
−t(4M2N − t), (5)
with ν
def
= (p1 + p3) · (p2 + p4) and t
def
= (p1 − p3)
2. The
similar singularities have been discussed in Ref. [5] and
are directly neglected when applying the DRs. These
kinematic singularities are not physical poles but related
with the definition of Fi in the physical region. Usually
such kinematic singularities are canceled by the corre-
sponding factor in
∑
MM∗j , while in some special cases
this cancellation does not happen and we show this in
the following.
In the one-photon exchange (OPE) approximation,
the amplitude M(1γ) and the corresponding coefficients
F
(1γ)
i can be got easily. The final results F
(1γ)
i are free
from the kinematic singularities, only dependent on t and
their imaginary parts are exact zero. This means that
F
(1γ)
1,2 obey the once-subtracted DR.
When go to beyond the OPE approximation, the TPE
effect should be considered. In this work we do not con-
sider the TPE contributions from the baryon resonances
and the πN continue states since in principle their contri-
butions can be dealt similarly. In this case, dynamically
there are four types of contributions showed in Fig. 1
where (a, b) are the usual box and crossed-box diagrams,
(c) is the seagull diagram and (d) refers to the meson-
exchange effect. In principle one should consider the
coupling between the mesons and two photons like the
triangle diagram for the meson-exchange effect, while the
final results after the loop integration can be expressed
in a general form like Fig. (1d).
Due to the symmetry between the diagrams Fig. (1a)
and (1b), one has the following general relations when
t < 0.
F
(a)
1,2 (t, ν
+) = −F
(b)
1,2(t,−ν
+),
F
(a)
3 (t, ν
+) = F
(b)
3 (t,−ν
+), (6)
where we use Fi(t, ν) to refer to the coefficients of the
TPE amplitude, ν+ = ν+ i0+, and the indexes (a, b) are
corresponding to the diagrams (a, b) in Fig. 1.
In Ref. [4, 5] the following DRs are used to estimate
γ γ
P (p2) P
′(p4)
(a)
e(p1) e
′(p3)
meson
(d)(c)
(b)
FIG. 1: The possible two-photon-exchange effects in elastic ep
scattering where only the nucleon intermediate state is consid-
ered with (a) the box diagram, (b) the crossed-box diagram,
(c) the seagull diagram and (d) the meson-exchange diagram.
the physical TPE contributions.
Re[FDR11,2 (t, ν)] =
2ν
π
P
[ ∫ ∞
νth
Im[F
(a)
1,2 (t, ν
+)]
ν2 − ν2
dν
]
,
Re[FDR13 (t, ν)] =
2
π
P
[ ∫ ∞
νth
νIm[F
(a)
3 (t, ν
+)]
ν2 − ν2
dν
]
, (7)
where the index DR1 refers to the method used in Ref. [4,
5], the operator P refers to the principle value integration
and νth = t. In Ref. [6] the DRs are modified as follows.
Re[FDR21,2 (t, ν)] = Re[F
DR1
1,2 (t, ν)],
Re[FDR23 (t, ν)] = Re[F
DR2
3 (t, ν0)] +
2(ν2 − ν20)
π
×
P
[ ∫ ∞
νth
νIm[F
(a)
3 (t, ν
+)]
(ν2 − ν2)(ν2 − ν20 )
dν
]
, (8)
where the index DR2 refers to the method used in Ref.
[6], ν0 is any fixed number, Re[F
DR2
3 (t, ν0)] is an un-
known function which can be determined by the exper-
imental data sets at fixed ν0, and the final result is not
dependent on ν0.
These DRs are widely accepted to replace the HM
method to estimate the TPE contributions and to an-
alyze the experimental data sets. While naively one can
easily check that these DRs do not include the contri-
butions from Fig.1(c, d) since their imaginary parts are
exact zero when t < 0. To understand and solve this
problem, in this work we at first analyze the analytic
properties of the TPE amplitudes in the following four
typical and general interactions.
LE
def
= −eψpγ
µψpAµ,
LM
def
= −
eκ
4MN
ψpσ
µνψpFµν ,
LS
def
= −
2π
M2N
(∂µψp)(∂νψp)(αE1F
µρF νρ + βM1F˜
µρF˜ νρ ),
LT
def
= gTppψpψpg
µνφµν + gTeeψeψeg
µνφµν , (9)
3where ψp, Aµ, ψe and φµν refer to the fields of proton,
photon, electron and tensor meson, respectively. The
mesons with other quantum numbers are not considered
since we find the above four interactions cover all types of
the additional contributions when t is fixed as negative.
By these interactions, the corresponding amplitudes
M
(a,b)
E,M ,M
(c)
S ,M
(d)
T and F
(y)
Xi (t, ν) can be got easily,
where X refers to E,M, S, T and y refers to a, b, c, d,
respectively, and
M
(y)
X
def
=
3∑
i=1
F
(y)
Xi (t, ν)Mi. (10)
In the practical calculation, at first we use Eq. (4)
to get the expressions of the coefficients F
(y)
Xi (t, ν) in
d dimension, then do the loop integration with the di-
mensional regularization. The pacakge FeynCalc [16]
and PackageX [17] are used to do the analytic calcula-
tion. After the loop integration, we expand F
(y)
Xi (t, ν) at
ν = ±
√
−t(4M2N − t) to analyze the kinematic singulari-
ties and expand them at ν = ±∞ to get their asymptotic
behaviors. The imaginary parts and the discontinuities
of F
(y)
Xi (t, ν) in the complex plane of ν and t are used to
analyze the branch cuts.
The final analytic results show that the kinematical
singularities are cancelled in LE,S,T cases but are re-
mained in LM case. The analytic asymptotic behaviors
of the coefficients are expressed as follows.
Re[F
(a)
E1 (t, ν)]
ν→∞
−→ −
4α2e
MN t
[(
1
ǫ˜IR
+ ln
µ2IR
−t
) ln ν + c1],
Im[F
(a)
E1 (t, ν
+)]
ν→∞
−→
4πα2e
MN t
(
1
ǫ˜IR
+ ln
µ2IR
−t
), (11)
Re[F
(a)
M1(t, ν)]
ν→∞
−→ −
α2eκ
2
4M3N
[
ln2 ν − 2(1 + ln(−2t))
× ln ν + c2 +
3
4
1
ǫ˜UV
]
,
Re[F
(a)
M2(t, ν)]
ν→∞
−→
α2eκ
2
4M3N
c3
Re[F
(a)
M3(t, ν)]
ν→∞
−→ −
α2eκ
2
8M3N
(
5 + 3 ln
µ2UV
−t
+
3
ǫ˜UV
)
,
Im[F
(a)
M1(t, ν
+)]
ν→∞
−→
πα2eκ
2
2M3N
[
ln
ν
−t
− (1 + ln 2)
]
, (12)
Re[F
(c)
S2 (t, ν)] = c4ν,
Re[F
(d)
T1 (t2, ν)] = c5ν,
Re[F
(d)
T3 (t, ν)] = c6,
other F
(a,c,d)
i
ν→∞
−→ 0 (13)
where αe = e
2/4π, µIR,UV are the IR and UV scales, ci
are some simple functions independent on ν and we do
not list them here, and
1
ǫ˜IR,UV
=
1
ǫIR,UV
− γE + ln 4π.
The asymptotical behaviors of F
(b)
Xi (t, ν) can be got via.
Eq. (6) easily.
On the branch cuts the analytic results show: (1) when
t < 0, F
(a)
Xi (t, ν) have one right hand branch cut in the
region ν ⊂ [νth,∞], F
(b)
Xi (t, ν) have one left hand branch
cut in the region ν ⊂ [−∞,−νth] and F
(c,d)
Xi (t, ν) have no
branch cut. This is natural due to the unitarity usually
argued in the references. (2) when t > 0, F
(a,b,c)
Xi (t, ν)
have an additional branch cut at real axis of t and this
discontinuity on t results in the nonzero imaginary parts
of F
(a,b,c)
Xi (t, ν). This is also natural since when t > 0 the
coefficients F
(y)
Xi (t, ν) are related with the TPE contribu-
tions in e+e− → pp.
Combing the above properties it is easy to get that
F
(a+b)
Ei (t, ν) satisfy Eq. (7) and F
(a+b)
Mi (t, ν)−F
(a+b)
Mi,ks(t, ν)
satisfy Eq. (8) when t < 0, where F
(a+b)
Mi,ks(t, ν) include two
kinematic singularities and are expressed as follow.
F
(a+b)
Mi,ks(t, ν) =
Ai(ν, t)
[ν2 + t(4M2N − t)]
2
, (14)
with Ai(ν, t) being three polynomials of ν and t, their
manifest expressions are a little long and are not listed
here. Furthermore, F
(a+b)
M3 (t, ν) includes an UV diver-
gence which means that the single interaction LM is
not consistent and the corresponding contact interactions
should be considered to absorb the UV divergence. This
means that the usual HM method should be modified to
include the contact interactions. This is the reason that
the DR2 is used in Ref. [6] to replace the DR1.
We also find if one gives the two photons some virtual
masses (different or same) in the Feynman gauge, the
terms F
(a+b)
Mi,ks(t, ν) are not changed. This means that the
contributions with the kinematical singularities are ex-
actly cancelled when one replaces the vertex ΓµM (k) (from
LM ) by Γ
µ
M (k)F (k
2) with F (k2) being a monopole like
FF as follow.
F (k) =
∑
j
dj
(k2 − Λ2j)
nj
, (15)
where k is the momentum of the incoming photon, nj
are some natural numbers, and dj ,Λj are some real pa-
rameters. This cancellation is due to the following simple
relation and its generalization.
B
(k2 − z21)(k
2 − z22)
=
1
z21 − z
2
2
[
B
k2 − z21
−
B
k2 − z22
].
Since F
(a+b)
Mi,ks(t, ν) are not dependent on the parameters
zj then the two contributions with the kinematical sin-
gularities are cancelled. This property means that the
4coefficients F
(a+b)
i (t, ν) in the usual HM method with
monopole like FFs as inputs are free from any kinemat-
ical singularities. This explains the numerical property
of Fig. 19 in Ref. [6] where the difference between the
DR method and the HM method with FFs are presented.
The important point is that this does mean that the kine-
matical singularities are canceled certainly in any cases.
Another important property is that Im[F
(c)
Si (t, ν)] and
Im[F
(d)
Ti (t, ν)] are exact zero, but Re[F
(c)
S2 (t, ν)] and
Re[F
(d)
T1,T3(t, ν)] are not zero and do not satisfy the re-
lations DR1 or DR2. Similarly there is an UV diver-
gence in Re[F
(c)
S2 ] which means the contact interactions
should be included. Actually, in LS,T cases, the contact
interactions can not only absorb the UV divergence but
also absorb the un-physical behavior in the forward angle
limit.
These properties are similar when extending the inter-
actions to more general forms by including more deriva-
tives. After combing these contributions with the asymp-
totic behavior of the physical amplitude like F
(1γ)
1,2 in the
forward angle limit, it is easy to see that the physical
F1,2(t, ν) also satisfy a similar DR like F
DR2
3 (t, ν) when
the monopole like FFs are taking as inputs and t is fixed
as negative. Finally one has the following DRs.
Re[FDR31,2 (t, ν)] = Re[F
DR3
1,2 (t, ν0)]
+
2ν
π
P
[ ∫ ∞
νth
Im[F
(a)
1,2 (t, ν
+)]
ν2 − ν2
dν
]
,
Re[FDR33 (t, ν)] = Re[F
DR3
3 (t, ν0)] +
2(ν2 − ν20 )
π
×
P
[ ∫ ∞
νth
νIm[F
(a)
3 (t, ν
+)]
(ν2 − ν2)(ν2 − ν20)
dν
]
.(16)
When the monopole FFs are used and t is limited as a
negative number, there are also the following exact rela-
tions between the DR3 and the modified HM method.
F
DR3
i (t, ν) = F
(a+b)
i (t, ν) + fi(t) +
∑
j
hij(t)ν
j , (17)
where j is a natural number, fi(t) and hij(t) include the
contributions from the seagull interaction, the meson-
exchange effect and the contact interactions with hij(t)
being chosen to eliminate the corresponding terms in
Re[F
(a+b)
i (t, ν)], and fi(t) being unknown functions. Eq.
(17) is natural since the left and the right parts have the
same imaginary parts, the same asymptotic behaviors,
and no any kinematical singularities when the monopole
FFs are used and t is limited as a negative number.
These relations can also be understood in a direct phys-
ical way. In the DR method, only the on-shell vertex of
γ∗NN is used to estimate the imaginary parts of the
coefficients and the real parts are got by the DRs. In
the HM method, if the off-shell vertex is used, one can
separate the vertex into two parts as follow.
Γoff-shellµ (p
2
i,f , k
2) = Γon-shellµ (k
2) + ∆Γ(p2i,f −M
2
N , k
2),
where pi, pf are the momenta of the initial and final pro-
ton in the vertex, respectively, ∆Γ(p2i,f − M
2
N , k
2) is a
polynomial function on p2i −M
2
N or p
2
f −M
2
N when no
additional phenomenological poles on p2i and p
2
f are in-
troduced in the vertex. Then the TPE amplitude can be
separated into two parts: one only includes the on-shell
information and another includes off-shell effect. Naively
the first one is just what the DR1 method gives. The sec-
ond one has a global factor like p2i−M
2
N or p
2
f−M
2
N in the
numerator. This factor cancels the denominator of the
nucleon’s propagator and the final result after the loop
integration is similar with the contribution from the seag-
ull interaction. This means that the contributions due to
the off-shell effect can be expressed by some polynomials
on ν like the contributions from the seagull interaction,
the meson-exchange effect and the contacts interactions.
This property clearly indicates the physical meaning of
hij(t) and fi(t). They absorb all the contributions due
to the seagull interaction, the meson-exchange effect, the
contact interactions and the off-shell effect.
On another hand, if one use Eq.(16) to get the real
parts of the coefficients, there are also three unknown
functions Re[FDR3i (t, ν0)]. In principle Re[F
DR3
i (t, ν0)]
can be determined by the following DR in the complex t
plane like the Compton scattering [18].
Re[FDR3i (t, ν0)] =
1
π
P
[ ∫ ∞
0
Im[F
(a+b+c)
i (t, ν
+)]
t− t
dt
]
+ other contributions. (18)
The first term in the right part of Eq. (18) is corre-
sponding to the contribution from the branch cut in the
region t ⊂ [0,∞]. The functions Im[F
(a+b+c)
i (t, ν
+)] in
this region are related with the imaginary parts of the co-
efficients of the TPE amplitude in the process e+e− → pp
where one of the intermediate proton must be off-shell.
This means that the three functions Re[Fi(t, ν0)] actually
include the off-shell information. This is the physical rea-
son that both the DR method and the HM method af-
ter the modification actually automatically include the
contributions from the seagull interaction, the meson-
exchange effect, the contact interactions and the off-shell
effect when t is fixed as a negative number.
In summary, the detailed analysis based on four typical
and general interactions clearly show that the usual DR
method and the usual HM method should be modified to
general forms. After the modifications, the two methods
exactly give the same results when taking the monopole
like FFs as inputs and the results automatically include
the contributions from the seagull interaction, the meson-
exchange effect, the contact interactions and the off-shell
effect in a correct way. The physical reason why they are
exactly the same is also discussed. Finally, we conclude
that Eq. (16) or Eq. (17) is the correct form for the TPE
effect in the elastic ep scattering and one should use them
to analyze the corresponding experimental data sets and
to extract the physical quantities.
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